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Abstract
I discuss and review soft anomalous dimensions in QCD that describe soft-gluon threshold
resummation for a wide range of hard-scattering processes. The factorization properties of the
cross section in moment space and renormalization-group evolution are implemented to derive
a general form for differential resummed cross sections. Detailed expressions are given for the
soft anomalous dimensions at one, two, and three loops, including some new results, for a large
number of partonic processes involving top quarks, electroweak bosons, Higgs bosons, and other
particles in the Standard Model and beyond.
1 Introduction
This review discusses soft-anomalous dimensions that control soft-gluon threshold resummation in
QCD. Resummation follows from factorization properties of the cross section [1–11] and it provides
a formalism for calculating contributions to higher-order corrections that are theoretically important
and numerically significant. These soft-gluon contributions take the forms of logarithms of a variable
that is a measure of the available energy for additional radiation in a process.
Beyond leading logarithms, resummation is crucially dependent on the color exchange in the
hard scattering. One-loop calculations of soft anomalous dimensions are necessary to achieve next-
to-leading-logarithm (NLL) accuracy while two-loop calculations are needed for next-to-next-to-
leading-logarithm (NNLL) accuracy. The current state of the art is three-loop calculations which are
needed for next-to-next-to-next-to-leading-logarithm (N3LL) accuracy.
Soft-gluon resummation is particularly relevant near partonic threshold and it has been used
for a large number of hard-scattering processes. In fact, soft-gluon resummation is often relevant
even far from threshold for many Standard Model (SM) and Beyond the Standard Model (BSM)
processes. There is a vast number of results in the literature that have been provided using various
approaches, schemes, gauges, and definitions. Therefore, in addition to reviewing past results, it is
useful to provide a comprehensive and unified treatment using a common formalism and notation for
all these results. In this review all results are shown using the standard moment-space resummation
formalism in QCD for, in general differential, cross sections in the MS scheme and in Feynman
gauge. The expressions for the resummed cross section are shown in single-particle-inclusive (1PI)
kinematics, but the soft anomalous dimensions are the same in other kinematics choices, such as
pair-invariant-mass (PIM) kinematics.
This paper is meant as a focused review of theoretical work on resummation and as a compendium
of results on soft anomalous dimensions and other quantities in the resummed expressions. It is not
a review of phenomenological papers with applications of resummations; there are many hundreds of
such papers, and a recent review for many processes involving top quarks can be found in Ref. [12].
Furthermore, this is a review on standard moment-space QCD resummation; it is not a review of
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related work using alternative approaches such as soft-collinear effective theory (SCET) or non-
relativistic QCD (NRQCD). A comparative review of resummation approaches in QCD and SCET
was given in Ref. [13]. A main goal of this paper is to provide a common terminology and notation
for the large number of results in the literature for a large variety of SM and BSM processes, in the
hope that it will be useful in comparing past results and in future applications.
In Section 2 we provide the formalism for soft-gluon resummation based on factorization and
renormalization-group evolution. Section 3 presents fixed-order expansions of resummed cross sec-
tions at next-to-leading order (NLO), next-to-next-to-leading order (NNLO), and next-to-next-to-
next-to-leading order (N3LO). Section 4 has results at one, two, and three loops for the cusp anoma-
lous dimension for the separate cases of two massive lines, or two massless lines, or one massive and
one massless lines. The soft anomalous dimensions for many processes with trivial color structure are
discussed in Section 5, for high-pT electroweak-boson production and related processes in Section 6,
for single-top production and related processes in Section 7, for top-antitop production and related
processes in Section 8, for jet production and related processes in Section 9, and for several 2 → 3
processes in Section 10. A concluding summary is given in Section 11.
2 Soft-gluon resummation
In this section we briefly review the moment-space QCD soft-gluon resummation formalism. We
discuss the factorization and refactorization of the cross section, renormalization-group evolution
(RGE), the eikonal approximation, soft anomalous dimensions, and the resummed cross section. For
simplicity we discuss 2→ 2 processes but also explain how this generalizes to 2→ n processes [11].
For specificity we choose 1PI kinematics but also discuss modifications for PIM kinematics.
2.1 Factorization, RGE, and resummation
The factorized form of the, in general, differential cross section dσAB→12 in hadronic collisions for the
process AB → 12 is
dσAB→12 =
∑
a,b
∫
dxa dxb φa/A(xa, µF )φb/B(xb, µF ) dσˆab→12(µF , µR) , (2.1)
where µF is the factorization scale, µR is the renormalization scale, φa/A (φb/B) are parton distribution
functions (pdf) for parton a (b) in hadron A (B), and dσˆab→12 is the differential hard-scattering
partonic cross section.
We consider partonic processes ab→ 12 with 4-momenta pa + pb → p1 + p2, and define the usual
kinematical variables s = (pa+ pb)
2, t = (pa− p1)2, and u = (pb− p1)2. In 1PI kinematics we choose,
without loss of generality, particle 1 as the observed particle. We also define the threshold variable
s4 = s+ t+u−m21−m22 where the masses m1 and m2 can be zero or finite. As we approach partonic
threshold, with vanishing energy for additional radiation, we have s4 → 0. If an additional gluon
with momentum pg is emitted in the final state, then we can equivalently write s4 = (p2+ pg)
2−m22,
so as pg goes to 0 (i.e. we have a soft gluon), we again see that s4 describes the extra energy in
the soft emission and that s4 → 0. We note that we can extend our formulas to the general case
of multi-particle final states, i.e. 2 → n processes [11], by replacing m22 by (p2 + · · · + pn)2 in the
expressions.
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With the incoming partons a and b arising from hadrons (e.g. protons/antiprotons) A and
B, we define the hadron-level variables S = (pA + pB)
2, T = (pA − p1)2, U = (pB − p1)2, and
S4 = S + T + U − m21 −m22. Writing pa = xapA and pb = xbpB, where xa and xb are the fractions
of the momenta carried by, respectively, partons a and b in hadrons A and B, we have the relations
s = xaxbS, t = xaT +(1−xa)m21, and u = xbU +(1−xb)m21. Using the above relations, we find that
S4
S
=
s4
s
− (1− xa)(u−m
2
2)
s
− (1− xb)(t−m
2
2)
s
+ (1− xa)(1− xb)(m
2
1 −m22)
s
. (2.2)
The last term in the above equation can be ignored near threshold, in the limit xa → 1 and xb → 1,
since it involves the product (1− xa)(1− xb).
We next discuss the factorization of the cross section in integral transform space [3,5,8]. We define
Laplace transforms (shown with a tilde) of the partonic cross section as d˜ˆσ(N) =
∫ s
0 (ds4/s) e
−Ns4/s dσˆ(s4),
with transform variable N , and we also define the transforms of the pdf as φ˜(N) =
∫ 1
0 e
−N(1−x)φ(x) dx.
We note that under transforms the logarithms of s4 in the perturbative series produce logarithms of
N , and we will show that the latter exponentiate.
We then consider the parton-parton cross section dσab→12, which has the same form as Eq. (2.1)
but with incoming partons instead of hadrons [3–8]
dσab→12(S4) =
∫
dxa dxb φa/a(xa)φb/b(xb) dσˆab→12(s4) , (2.3)
and define its transform as
dσ˜ab→12(N) =
∫ S
0
dS4
S
e−NS4/S dσab→12(S4) . (2.4)
Using Eq. (2.2) (without the last term, which vanishes near threshold), we can rewrite the
transform of the parton-parton cross section as
dσ˜ab→12(N) =
∫ 1
0
dxae
−Na(1−xa)φa/a(xa)
∫ 1
0
dxbe
−Nb(1−xb)φb/b(xb)
∫ s
0
ds4
s
e−Ns4/sdσˆab→12(s4)
= φ˜a/a(Na) φ˜b/b(Nb) d˜ˆσab→12(N) , (2.5)
where Na = N(m
2
2 − u)/s and Nb = N(m22 − t)/s in 1PI kinematics (while Na = Nb = N in the
corresponding formula in PIM kinematics).
Next, we introduce a refactorization of the cross section in terms of new functions [3–8]. We
recast Eq. (2.2) as
S4
S
= −(1− xa)(u−m
2
2)
s
− (1− xb)(t−m
2
2)
s
+
s4
s
= −wa (u−m
2
2)
s
− wb (t−m
2
2)
s
+ wS + w1 + w2 (2.6)
where the w’s are dimensionless weights, and we note that wa 6= 1−xa and wb 6= 1−xb because they
refer to different functions.
The refactorized form of the cross section [3, 5, 6, 8] is then
dσab→12 =
∫
dwa dwb dw1 dw2 dwS ψa/a(wa)ψb/b(wb) J1(w1) J2(w2)
×tr
[
Hab→12 (αs(µR)) Sab→12
(
wS
√
s
µF
)]
δ
(
S4
S
+ wa
(u−m22)
s
+ wb
(t−m22)
s
− wS − w1 − w2
)
.(2.7)
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The process-dependent hard function Hab→12 is infrared safe and it comprises contributions from the
amplitude and its complex conjugate. The soft function Sab→12 describes the emission of noncollinear
soft gluons and is also process-dependent. The coupling of soft gluons to the partons in the hard
scattering processes is described by eikonal (Wilson) lines as ordered exponentials of the gauge field.
The hard and soft functions are in general matrices in color-exchange space, and Eq. (2.7) involves
the trace of their product. The functions ψa/a and ψb/b differ from the pdf φa/a and φb/b, and they
describe the dynamics of collinear emission from the incoming partons [1, 3–8]. The functions J1
and J2 describe collinear emission from any final-state massless colored particles, and are absent
otherwise.
After taking a transform of Eq. (2.7) and using Eq. (2.6), we have
dσ˜ab→12(N)=
∫ 1
0
dwae
−Nawaψa/a(wa)
∫ 1
0
dwbe
−Nbwbψb/b(wb)
∫ 1
0
dw1e
−Nw1J1(w1)
∫ 1
0
dw2e
−Nw2J2(w2)
×tr
[
Hab→12 (αs(µR))
∫ 1
0
dwse
−NwsSab→12
(
ws
√
s
µF
)]
= ψ˜a/a(Na) ψ˜b/b(Nb)J˜1(N)J˜2(N) tr
[
Hab→12 (αs(µR)) S˜ab→12
( √
s
NµF
)]
. (2.8)
All N -dependence has now been absorbed into the functions S˜, ψ˜, and J˜ .
By comparing Eqs. (2.5) and (2.8), we find an expression for the hard-scattering partonic cross
section in transform space,
d˜ˆσab→12(N) =
ψ˜a(Na) ψ˜b(Nb) J˜1(N) J˜2(N)
φ˜a/a(Na) φ˜b/b(Nb)
tr
[
Hab→12 (αs(µR)) S˜ab→12
( √
s
NµF
)]
. (2.9)
We resum the N -dependence of the soft matrix S˜ab→12 via renormalization-group evolution [3,5],
S˜bab→12 = Z
†
ab→12 S˜ab→12 Zab→12 (2.10)
where S˜bab→12 is the bare quantity and Zab→12 is a (in general, matrix of) renormalization constant(s).
Thus, we have the renormalization group equation for S˜ab→12,
µR
dS˜ab→12
dµR
=
(
µR
∂
∂µR
+ β(gs, ǫ)
∂
∂gs
)
S˜ab→12 = −Γ†S ab→12 S˜ab→12 − S˜ab→12 ΓS ab→12 (2.11)
where ΓS ab→12 is the soft anomalous dimension (matrix), g2s = 4παs, and β(gs, ǫ) = −gsǫ/2 + β(gs)
where β(gs) = µR dgs/dµR is the QCD beta function. We can also define the beta function in an
alternative form in terms of αs as
β(αs) =
d lnαs
d lnµ2R
= −
∞∑
n=0
βn
(
αs
4π
)n+1
, (2.12)
with β0 = (11CA−2nf )/3 [14,15], where CA = Nc with Nc the number of colors, and nf is the number
of light quark flavors, β1 = 34C
2
A/3 − 2CFnf − 10CAnf/3 [16–18], where CF = (N2c − 1)/(2Nc),
and [19, 20]
β2 =
2857
54
C3A +
(
C2F −
205
18
CFCA − 1415
54
C2A
)
nf +
(
11
9
CF +
79
54
CA
)
n2f . (2.13)
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Also β3 [21] is
β3 = C
4
A
(
150653
486
− 44
9
ζ3
)
+ C3Anf
(
−39143
162
+
68
3
ζ3
)
+ C2ACFnf
(
7073
486
− 328
9
ζ3
)
+ CAC
2
Fnf
(
−2102
27
+
176
9
ζ3
)
+ 23C3Fnf + C
2
An
2
f
(
3965
162
+
56
9
ζ3
)
+ C2Fn
2
f
(
338
27
− 176
9
ζ3
)
+ CACFn
2
f
(
4288
243
+
112
9
ζ3
)
+
53
243
CAn
3
f +
154
243
CFn
3
f +
dabcdA d
abcd
A
NA
(
−80
9
+
704
3
ζ3
)
+
dabcdF d
abcd
A
NA
nf
(
512
9
− 1664
3
ζ3
)
+
dabcdF d
abcd
F
NA
n2f
(
−704
9
+
512
3
ζ3
)
(2.14)
where ζ3 = 1.202056903 · · ·, NA = N2c −1, dabcdA dabcdA /NA = N2c (N2c +36)/24, dabcdF dabcdA /NA = Nc(N2c +
6)/48, and dabcdF d
abcd
F /NA = (N
4
c − 6N2c + 18)/(96N2c ). The result for β4 is given by a long expression
in Ref. [22], and for QCD with Nc = 3 it has the approximate numerical value β4 ≈ 537148 −
186162nf + 17567.8n
2
f − 231.28n3f − 1.8425n4f .
2.2 Eikonal approximation and soft anomalous dimensions
From Eq. (2.11) we see that the evolution of the soft function is controlled by the soft anomalous
dimension, ΓS ab→12, which is also in general a matrix. In calculating ΓS ab→12, we use the eikonal
approximation, where the Feynman rules for diagrams with soft gluon emission simplify. For example
in the emission of a soft gluon with four-momentum kµ from a quark with final four-momentum pµ,
we have the simplification
u¯(p) (−igsT c) γµ i(p/+ k/+m)
(p+ k)2 −m2 + iǫ → u¯(p) gsT
c γµ
p/+m
2p · k + iǫ = u¯(p) gsT
c v
µ
v · k + iǫ (2.15)
where u¯ is a Dirac spinor, T c are the generators of SU(3), and pµ = (
√
s/2)vµ, with vµ a four-velocity.
Thus, a typical one-loop diagram involving eikonal lines i and j is of the form
g2s
∫
dnk
(2π)n
vµi
(vi · k + iǫ)
(−i)gµν
k2
vνj
(vj · k + iǫ) , (2.16)
which contributes a UV pole −(1/ǫ)(αs/π) θ coth θ where θ = ln[(vi · vj +
√
(vi · vj)2 − v2i v2j )/
√
v2i v
2
j ]
is the cusp angle that we will discuss further in Sec. 4. For massless eikonal lines this expression for
the UV pole simplifies to −(1/ǫ)(αs/π) ln(2vi · vj/
√
v2i v
2
j ).
The calculation of ΓS ab→12 requires determining the coefficients of the ultraviolet poles of relevant
eikonal diagrams [3, 5, 7, 23]. The counterterms for S˜ab→12 are the ultraviolet divergent coefficients
times the basis color tensors. If there are m color tensors, then we have
Sab→12L =
m∑
I=1
cab→12I Z
ab→12
IL , (2.17)
for the corrections to the color tensor cab→12L .
Then
ΓS ab→12 =
(
dZab→12
d lnµ
)
Z−1ab→12 = β(gs, ǫ)
∂Zab→12
∂gs
Z−1ab→12 , (2.18)
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is the soft anomalous dimension matrix that controls the evolution of the soft function Sab→12. In
dimensional regularization Zab→12 has 1/ǫ poles. Expanding Zab→12 in powers of the strong coupling,
its IL matrix element is
ZIL ab→12 = δIL +
αs
π
Z
(1)
ILab→12 +O(α2s) , (2.19)
and since Z
(1)
ab→12 has a 1/ǫ pole while β(gs, ǫ) includes a −gsǫ/2 term in dimensional regularization,
we find that ΓS ab→12 is given at one loop simply by minus the residue of Zab→12.
2.3 Resummed cross section
The resummed differential cross section in transform space is derived from the renormalization-
group evolution of the N -dependent functions in Eq. (2.9), i.e. ψ˜/φ˜, J˜ , and of course S˜ab→12. We
find [3, 5, 8, 12]
dσˆresumab→12(N) = exp

∑
i=a,b
Ei(Ni)

 exp

∑
i=a,b
2
∫ √s
µF
dµ
µ
γi/i
(
N˜i, αs(µ)
) exp

 ∑
j=f.s. q,g
E ′j(N)


×tr
{
Hab→12
(
αs(
√
s)
)
P¯ exp
[∫ √s/N˜
√
s
dµ
µ
Γ†S ab→12 (αs(µ))
]
×S˜ab→12
(
αs(
√
s
N˜
)
)
P exp
[∫ √s/N˜
√
s
dµ
µ
ΓS ab→12 (αs(µ))
]}
, (2.20)
where the symbols P (P¯ ) denote path-ordering in the same (reverse) sense as the integration variable
µ, and N˜ = NeγE with γE the Euler constant.
The first exponential in Eq. (2.20) resums soft and collinear contributions from the incoming
partons [1, 2]. We have
Ei(Ni) =
∫ 1
0
dz
zNi−1 − 1
1− z
[∫ (1−z)2
1
dλ
λ
Ai (αs(λs)) +Di
(
αs((1− z)2s)
)]
, (2.21)
with Ai =
∑∞
i=1(αs/π)
nA
(n)
i . Here A
(1)
i = Ci which is CF for a quark or antiquark and CA for a
gluon, A
(2)
i = CiK/2 where K = CA (67/18− ζ2)− 5nf/9 [24] with ζ2 = π2/6, A(3)i is given by [25]
A
(3)
i = Ci
[
C2A
(
245
96
− 67
36
ζ2 +
11
24
ζ3 +
11
8
ζ4
)
+ CFnf
(
−55
96
+
ζ3
2
)
+ CAnf
(
−209
432
+
5
18
ζ2 − 7
12
ζ3
)
− n
2
f
108
]
, (2.22)
where ζ4 = π
4/90, and A
(4)
i is given by [26, 27]
A
(4)
i = Ci
[
C3A
(
42139
10368
− 5525
1296
ζ2 +
1309
432
ζ3 +
451
64
ζ4 − 11
24
ζ2ζ3 − 451
288
ζ5 − ζ
2
3
16
− 313
96
ζ6
)
+ C2Fnf
(
143
576
+
37
48
ζ3 − 5
4
ζ5
)
+ CFCAnf
(
−17033
10368
+
55
96
ζ2 +
29
18
ζ3 − 11
16
ζ4 − 1
2
ζ2ζ3 +
5
8
ζ5
)
+ C2Anf
(
−24137
20736
+
635
648
ζ2 − 361
108
ζ3 − 11
48
ζ4 +
7
12
ζ2ζ3 +
131
144
ζ5
)
+ CFn
2
f
(
299
2592
− 5
18
ζ3 +
ζ4
8
)
6
+CAn
2
f
(
923
20736
− 19
648
ζ2 +
35
108
ζ3 − 7
48
ζ4
)
+ n3f
(
− 1
648
+
ζ3
108
)]
+
dabcdi d
abcd
A
NRi
(
−ζ2
2
+
ζ3
6
+
55
12
ζ5 − 3
2
ζ23 −
31
8
ζ6
)
+
dabcdi d
abcd
F
NRi
nf
(
ζ2 − ζ3
3
− 5
3
ζ5
)
(2.23)
where ζ5 = 1.036927755 · · ·, ζ6 = π6/945, and where dabcdi is dabcdF for a quark or antiquark and dabcdA
for a gluon, while NRi is NF = Nc for a quark or antiquark and NA = N
2
c − 1 for a gluon.
Also Di =
∑∞
i=1(αs/π)
nD
(n)
i , with D
(1)
i = 0, D
(2)
i given by [4]
D
(2)
i = Ci
[
CA
(
−101
54
+
11
6
ζ2 +
7
4
ζ3
)
+ nf
(
7
27
− ζ2
3
)]
, (2.24)
and D
(3)
i given by [28]
D
(3)
i = Ci
[
C2A
(
−297029
46656
+
6139
648
ζ2 +
2509
216
ζ3 − 187
48
ζ4 − 11
12
ζ2ζ3 − 3ζ5
)
+ n2f
(
− 29
729
+
5
27
ζ2 +
5
54
ζ3
)
+ CAnf
(
31313
23328
− 1837
648
ζ2 − 155
72
ζ3 +
23
24
ζ4
)
+ CFnf
(
1711
1728
− ζ2
4
− 19
36
ζ3 − ζ4
4
)]
. (2.25)
We note that our expression for the resummed cross section is for hadron-hadron scattering but
can be easily adapted for hadron-lepton scattering (the sums over a, b in the first two exponentials
reduce to one term) and lepton-lepton scattering (the sums vanish).
In the second exponential in Eq. (2.20), involving the factorization scale, γi/i is the moment-
space anomalous dimension of the MS density φi/i [29–33], γi/i = −Ai ln N˜i + γi, where the parton
anomalous dimensions γi =
∑∞
i=1(αs/π)
nγ
(n)
i , with γ
(1)
q = 3CF/4, γ
(1)
g = β0/4,
γ(2)q = C
2
F
(
3
32
− 3
4
ζ2 +
3
2
ζ3
)
+ CFCA
(
17
96
+
11
12
ζ2 − 3
4
ζ3
)
− CFnf
(
1
48
+
ζ2
6
)
, (2.26)
and
γ(2)g = C
2
A
(
2
3
+
3
4
ζ3
)
− nf
(
CF
8
+
CA
6
)
. (2.27)
Also γ(3)q is given by [25]
γ(3)q = C
3
F
(
29
128
+
9
32
ζ2 +
17
16
ζ3 +
9
4
ζ4 − 1
2
ζ2ζ3 − 15
4
ζ5
)
+ C2Fnf
(
−23
64
+
5
48
ζ2 − 17
24
ζ3 +
29
48
ζ4
)
+ CFn
2
f
(
− 17
576
+
5
108
ζ2 − ζ3
36
)
+ C2FCA
(
151
256
− 205
96
ζ2 +
211
48
ζ3 − 247
96
ζ4 +
1
4
ζ2ζ3 +
15
8
ζ5
)
+ CFC
2
A
(
−1657
2304
+
281
108
ζ2 − 97
36
ζ3 − 5
64
ζ4 +
5
8
ζ5
)
+ CFCAnf
(
5
16
− 167
216
ζ2 +
25
72
ζ3 +
ζ4
32
)
.(2.28)
The third exponential in Eq. (2.20) describes soft and collinear radiation from the final-state
(f.s.) particles [1, 2, 6, 8]. The exponent vanishes for colorless particles and for massive particles,
i.e. E ′j = 0 in those cases. In the case of hadron production, where a quark or gluon hadronizes
into the observed hadron, then this exponent is the same as the initial-state exponent [10], i.e.
E ′1(N) = E1(N) plus the same term in the exponent for the scale dependence. For heavy jets there
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is a different expression [6]. For all other cases with final-state massless quarks or gluons, which is
the majority of the cases studied, the exponent has the expression
E ′j(N) =
∫ 1
0
dz
zN−1 − 1
1− z
[∫ 1−z
(1−z)2
dλ
λ
Aj (αs (λs)) +Bj (αs((1− z)s)) +Dj
(
αs((1− z)2s)
)]
,
(2.29)
where Bj =
∑∞
n=1(αs/π)
nB
(n)
j with B
(1)
q = −3CF/4 and B(1)g = −β0/4. Also for B(2)q [4] and B(2)g
(cf. [34]), we have
B(2)q = C
2
F
(
− 3
32
+
3
4
ζ2 − 3
2
ζ3
)
+ CFCA
(
−57
32
− 11
12
ζ2 +
3
4
ζ3
)
+ CFnf
(
5
16
+
ζ2
6
)
, (2.30)
and
B(2)g = C
2
A
(
−1025
432
− 3
4
ζ3
)
+
79
108
CA nf + CF
nf
8
− 5
108
n2f , (2.31)
while B(3)q and B
(3)
g are given by (cf. [34])
B(3)q = C
3
F
(
− 29
128
− 9
32
ζ2 − 17
16
ζ3 − 9
4
ζ4 +
ζ2ζ3
2
+
15
4
ζ5
)
+ C2Fnf
(
77
128
− 17
32
ζ2 +
7
12
ζ3 +
ζ4
4
)
+ CFCAnf
(
455
216
+
199
216
ζ2 +
29
36
ζ3 − 5
12
ζ4
)
+ CFC
2
A
(
−5599
864
− 2831
864
ζ2 +
5
9
ζ3 +
211
96
ζ4 − 5
8
ζ5
)
+ C2FCA
(
−23
32
+
287
64
ζ2 − 89
24
ζ3 − 17
8
ζ4 − ζ2ζ3
4
− 15
8
ζ5
)
+ CFn
2
f
(
−127
864
− 11
216
ζ2 − ζ3
9
)
(2.32)
and
B(3)g = C
3
A
(
−299341
31104
+
1307
576
ζ2 − 523
144
ζ3 − 275
96
ζ4 +
ζ2ζ3
4
+
5
4
ζ5
)
+ C2Anf
(
41453
10368
− 39
32
ζ2 +
59
36
ζ3 +
25
48
ζ4
)
+ CACFnf
(
191
128
− 11
12
ζ3
)
− C2F
nf
64
+ CAn
2
f
(
− 557
1152
+
11
48
ζ2 − 7
36
ζ3
)
+ CFn
2
f
(
− 47
192
+
ζ3
6
)
+ n3f
(
25
1944
− ζ2
72
)
. (2.33)
For the hard and soft functions we use the expansions Hab→12 =
∑∞
n=0(α
d+n
s /π
n)H
(n)
ab→12, where
d is the power of αs in the leading-order cross section and it depends on the process, and Sab→12 =∑∞
n=0(αs/π)
n S
(n)
ab→12. At lowest order, the soft matrix is given in terms of the color tensor ba-
sis by the expression S
(0)
LI ab→12 = tr
(
c∗ ab→12L c
ab→12
I
)
, while the hard matrix is real and symmet-
ric, H
(0)
LI ab→12 = h
(0)
Lab→12h
(0)∗
I ab→12 with h
(0)
Lab→12 = (S
(0)
LK ab→12)
−1tr(cab→12 ∗K M
(0)
ab→12) and h
(0)∗
I ab→12 =
tr(M
(0) †
ab→12c
ab→12
K )(S
(0)
KI ab→12)
−1 where M (0)ab→12 is the lowest-order amplitude.
For the soft anomalous dimension we use the expansion ΓS ab→12 =
∑∞
n=1(αs/π)
n Γ
(n)
S ab→12. In the
past, through the year 2008, most expressions for soft anomalous dimensions in the literature were
given at one loop in axial gauge, while since 2009 most have been given in Feynman gauge. The
relation between the two is Γ
(1) axial
S ab→12 = Γ
(1) Feyn.
S ab→12 + (1/2)[A
(1)
a + A
(1)
b +
∑
j=f.s. q,g A
(1)
j ]. Of course, the
overall result for the resummed cross section is gauge-independent, and this is easily seen at one-loop
from the fact that in axial gauge D
(1) axial
i = −A(1)i , which precisely cancel the extra terms from
change of gauge in the soft anomalous dimension.
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We also note that in general we can disregard imaginary iπ terms in the soft anomalous dimensions
since such terms generally do not contribute. Of course, in cases with simple color flow when we only
have functions - not matrices - it is clear from Eq. (2.20) that any imaginary terms in ΓS ab→12 cancel
out against imaginary terms in its Hermitian adjoint in the resummed cross section. Such terms also
routinely cancel and do not contribute in fixed-order expansions even when we have processes that
require matrices. Therefore, in the results in Sections 5 through 10 we will drop any iπ terms for
simplicity.
In addition, we note that one can perform resummation in other schemes such as the DIS scheme
(see e.g. Refs. [3,5,38] for the relation between the resummed expressions for the cross section in MS
and DIS schemes). The expressions for the soft anomalous dimensions, however, remain the same.
When all external eikonal lines in the scattering process are massless, then the two-loop soft
anomalous dimension matrix is proportional to the one-loop result [9]. Furthermore, three-parton
correlations with massless eikonal lines do not contribute to the soft anomalous dimension at any
order due to scaling symmetry constraints [35, 36]. However, at three loops for the soft anomalous
dimension in massless multi-leg scattering there are contributions from four-parton correlations [37].
When there are massive eikonal lines then the soft anomalous dimension at two or more loops
is no longer proportional to the one-loop result [23]. Also, when two of the eikonal lines in the
scattering process are massive, then the three-parton correlations no longer vanish; however, three-
parton correlations still vanish when only one of the eikonal lines is massive.
3 NLO, NNLO, and N3LO expansions of the resummed
cross section
In this section we expand the resummed cross section to NLO, NNLO, and N3LO, using Eqs. (2.20),
(2.21), and (2.29) (see also [38,39]). Our expansions can be used for a variety of processes, but with
the restrictions noted for the use of Eq. (2.29) in the previous section.
The corrections take the form of plus distributions
Dk(s4) =
[
lnk(s4/s)
s4
]
+
, (3.1)
defined by
∫ s4max
0
ds4 f(s4)
[
lnk(s4/s)
s4
]
+
=
∫ s4max
0
ds4
lnk(s4/s)
s4
(f(s4)− f(0)) + 1
k + 1
lnk+1
(
s4max
s
)
f(0) ,
(3.2)
where f is a smooth function, such as a pdf. Of course the above distributions, involving logarithms
of s4/s, can readily be reexpressed in terms of logarithms of s4/M
2 for any hard scale M relevant to
the process considered [38, 39].
We note that the expressions can be simplified [38] for the cases of simple color structure where
the soft anomalous dimensions are not matrices, as we will discuss in more detail below. We also note
that we can extend the formulas for the fixed-order expansions to the general case of multi-particle
final states, i.e. 2→ n processes [11], by replacing m22 by (p2 + · · ·+ pn)2 in the formulas.
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3.1 NLO soft-gluon corrections
The NLO soft-gluon corrections are
dσˆ
(1)
ab→12 = F
LO
ab→12
αs(µR)
π
[c3D1(s4) + c2D0(s4) + c1 δ(s4)]
+
αd+1s (µR)
π
[Aab→12D0(s4) + Tab→12 δ(s4)] , (3.3)
where FLOab→12 = α
d
s tr
(
H
(0)
ab→12S
(0)
ab→12
)
denotes the leading-order (LO) coefficient,
c3 = 2(A
(1)
a + A
(1)
b )−
∑
j=f.s. q,g
A
(1)
j , (3.4)
and c2 is given by c2 = c
µ
2 + T2, with
cµ2 = −(A(1)a + A(1)b ) ln
(
µ2F
s
)
(3.5)
denoting the terms involving logarithms of the scale, and
T2 = −2A(1)a ln
(
m22 − u
s
)
− 2A(1)b ln
(
m22 − t
s
)
+D(1)a +D
(1)
b +
∑
j=f.s. q,g
(
B
(1)
j +D
(1)
j
)
(3.6)
denoting the scale-independent terms. Also,
Aab→12 = tr
(
H
(0)
ab→12 Γ
(1) †
S ab→12 S
(0)
ab→12 +H
(0)
ab→12 S
(0)
ab→12 Γ
(1)
S ab→12
)
. (3.7)
For the cases with simple color structure where the soft anomalous dimension is not a matrix, we
have αdsAab→12 = 2ReΓ
(1)
S ab→12F
LO
ab→12, and thus this term can be added to the term c2, thus simplifying
the expressions at NLO and higher orders [38].
The δ(s4) terms involve a term c1, that is proportional to the Born cross section, and a term
Tab→12 that, in general, is not. We write c1 = c
µ
1 + T1, with
cµ1 =
[
A(1)a ln
(
m22 − u
s
)
+ A
(1)
b ln
(
m22 − t
s
)
− γ(1)a − γ(1)b
]
ln
(
µ2F
s
)
+ d
β0
4
ln
(
µ2R
s
)
(3.8)
denoting the terms involving logarithms of the scale. Also
T1 = A
(1)
a ln
2
(
m22 − u
s
)
+ A
(1)
b ln
2
(
m22 − t
s
)
−D(1)a ln
(
m22 − u
s
)
−D(1)b ln
(
m22 − t
s
)
(3.9)
and
Tab→12 = tr
(
H
(0)
ab→12 S
(1)
ab→12 +H
(1)
ab→12 S
(0)
ab→12
)
. (3.10)
We note that Tab→12 can also be determined via a comparison to a complete NLO calculation.
3.2 NNLO soft-gluon corrections
The NNLO soft-gluon corrections are
dσˆ
(2)
ab→12 = F
LO
ab→12
α2s(µR)
π2

12c23D3(s4) +

3
2
c3c2 − β0
4
c3 +
β0
8
∑
j=f.s. q,g
A
(1)
j

D2(s4)
+

c3c1 + c22 − ζ2c23 − β02 T2 +
β0
4
c3 ln
(
µ2R
s
)
+ 2(A(2)a + A
(2)
b ) +
∑
j=f.s. q,g
(
−A(2)j +
β0
4
B
(1)
j
)
D1(s4)
+
[
c2c1 − ζ2c3c2 + ζ3c23 −
β0
2
T1 +
β0
4
c2 ln
(
µ2R
s
)
− 2A(2)a ln
(
m22 − u
s
)
− 2A(2)b ln
(
m22 − t
s
)
+D(2)a +D
(2)
b +
β0
8
(A(1)a + A
(1)
b ) ln
2
(
µ2F
s
)
− (A(2)a + A(2)b ) ln
(
µ2F
s
)
+
∑
j=f.s. q,g
(
B
(2)
j +D
(2)
j
)D0(s4)


+
αd+2s (µR)
π2
{
3
2
c3Aab→12D2(s4) +
[(
2c2 − β0
2
)
Aab→12 + c3Tab→12 + Fab→12
]
D1(s4)
+
[(
c1 − ζ2c3 + β0
4
ln
(
µ2R
s
))
Aab→12 + c2Tab→12 +Gab→12
]
D0(s4)
}
, (3.11)
where
Fab→12 = tr
[
H
(0)
ab→12
(
Γ
(1) †
S ab→12
)2
S
(0)
ab→12 +H
(0)
ab→12 S
(0)
ab→12
(
Γ
(1)
S ab→12
)2
+ 2H
(0)
ab→12 Γ
(1) †
S ab→12 S
(0)
ab→12 Γ
(1)
S ab→12
]
(3.12)
and
Gab→12 = tr
[
H
(1)
ab→12 Γ
(1) †
S ab→12 S
(0)
ab→12 +H
(1)
ab→12 S
(0)
ab→12 Γ
(1)
S ab→12
+H
(0)
ab→12 Γ
(1) †
S ab→12 S
(1)
ab→12 +H
(0)
ab→12 S
(1)
ab→12 Γ
(1)
S ab→12
+H
(0)
ab→12 Γ
(2) †
S ab→12 S
(0)
ab→12 +H
(0)
ab→12 S
(0)
ab→12 Γ
(2)
S ab→12
]
. (3.13)
3.3 N3LO soft-gluon corrections
The N3LO soft-gluon corrections are
dσˆ
(3)
ab→12 = F
LO
ab→12
α3s(µR)
π3

18 c33D5(s4) +

5
8
c23 c2 −
5
24
c23 β0 +
5
48
c3β0
∑
j=f.s. q,g
A
(1)
j

D4(s4)
+
[
c3c
2
2 +
1
2
c23c1 − ζ2c33 +
β20
12
c3 − 5
6
β0c3c2 +
β0
4
c23 ln
(
µ2R
s
)
− β0
2
c3
(
A(1)a + A
(1)
b
)
ln
(
µ2F
s
)
+ 2c3
(
A(2)a + A
(2)
b
)
+
∑
j=f.s. q,g
(
−β
2
0
16
A
(1)
j − c3A(2)j +
β0
6
c2A
(1)
j + c3
β0
4
B
(1)
j
)D3(s4)
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+[
3
2
c3 c2 c1 +
1
2
c32 − 3 ζ2 c23 c2 +
5
2
ζ3 c
3
3 −
β0
4
c3c1 +
3
4
β0ζ2c
2
3 −
β0
4
(3c2 − β0) T2
+
β0
8
c3 (6c2 − β0) ln
(
µ2R
s
)
+ (3c2 − β0)
(
A(2)a + A
(2)
b
)
−
(
A(1)a + A
(1)
b
) β1
8
− 3
2
c3
[
β0
2
T1 + 2A
(2)
a ln
(
m22 − u
s
)
+ 2A
(2)
b ln
(
m22 − t
s
)
−D(2)a −D(2)b −
β0
8
(
A(1)a + A
(1)
b
)
ln2
(
µ2F
s
)
+
(
A(2)a + A
(2)
b
)
ln
(
µ2F
s
)]
− 3
2
c3
∑
j=f.s. q,g
(
−B(2)j −D(2)j +
β0
4
ζ2A
(1)
j
)
+ 3c2
∑
j=f.s. q,g

−A(2)j
2
+
β0
8
B
(1)
j


+
∑
j=f.s. q,g
(
A
(1)
j
β20
16
ln
(
µ2R
s
)
+
3β0
4
A
(2)
j −
3β20
16
B
(1)
j +
3
32
A
(1)
j β1 +
β0
8
c1A
(1)
j
)D2(s4)
+O (D1(s4))}
+
αd+3s (µR)
π3
{
5
8
c23Aab→12D4(s4)
+

1
2
c23 Tab→12 +

2 c3 c2 − 5
6
β0 c3 +
β0
6
∑
j=f.s. q,g
A
(1)
j

 Aab→12 + c3 Fab→12

D3(s4)
+



3
2
c3 c2 − β0
4
c3 +
β0
8
∑
j=f.s. q,g
A
(1)
j

 Tab→12 + 3
2
c2 Fab→12 +
3
2
c3Gab→12 +
1
2
Kab→12
+
(
3
2
c3 c1 +
3
2
c22 − 3 ζ2 c23 −
3
4
β0(c2 + T2) +
3
4
β0c3 ln
(
µ2R
s
)
+
β20
4
+ 3A(2)a + 3A
(2)
b +
3
2
∑
j=f.s. q,g
(−A(2)j +
β0
4
B
(1)
j )

 Aab→12

D2(s4)
+O (D1(s4))} (3.14)
where
Kab→12 = tr
[
H
(0)
ab→12 (Γ
(1)†
S ab→12)
3 S
(0)
ab→12 +H
(0)
ab→12 S
(0)
ab→12 (Γ
(1)
S ab→12)
3
+ 3H
(0)
ab→12 (Γ
(1)†
S ab→12)
2 S
(0)
ab→12 Γ
(1)
S ab→12 + 3H
(0)
ab→12 Γ
(1)†
S ab→12 S
(0)
ab→12 (Γ
(1)
S ab→12)
2
]
, (3.15)
and where we have omitted terms of order D1 and D0 (see also Ref. [39]).
4 Cusp anomalous dimension
The cusp anomalous dimension [23,40–45], involving two eikonal lines, is the simplest soft anomalous
dimension, and it is an essential ingredient for all calculations of soft anomalous dimensions.
The cusp angle θ was introduced in Sec. 2.2, and it is given by
θ = ln

pi · pj +
√
(pi · pj)2 − p2i p2j√
p2i p
2
j

 = ln

vi · vj +
√
(vi · vj)2 − v2i v2j√
v2i v
2
j

 (4.1)
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or equivalently θ = cosh−1(pi · pj/
√
p2i p
2
j ) = cosh
−1(vi · vj/
√
v2i v
2
j ), where p
µ
i = (
√
s/2)vµi and p
µ
j =
(
√
s/2)vµj , where v
µ
i and v
µ
j are four-velocities.
The perturbative series for the cusp anomalous dimension in QCD is written as
Γcusp =
∞∑
n=1
(
αs
π
)n
Γ(n)cusp (4.2)
where αs is the strong coupling.
The cusp anomalous dimension at one loop [40] is given by
Γ(1)cusp = CF (θ coth θ − 1) . (4.3)
The cusp anomalous dimension at two loops [23, 43] is given by
Γ(2)cusp = K2 Γ
(1)
cusp + C
(2) (4.4)
where C(2) = CFCAC
′(2), with [23]
C
′(2) =
1
2
+
ζ2
2
+
θ2
2
− 1
2
coth θ
[
ζ2θ + θ
2 +
θ3
3
+ Li2
(
1− e−2θ
)]
+
1
2
coth2 θ
[
−ζ3 + ζ2θ + θ
3
3
+ θ Li2
(
e−2θ
)
+ Li3
(
e−2θ
)]
, (4.5)
and where
K2 = CA
(
67
36
− ζ2
2
)
− 5
18
nf , (4.6)
i.e. K2 = K/2 = A
(2)
i /Ci.
The cusp anomalous dimension at three loops [44, 45] is given by
Γ(3)cusp = K3 Γ
(1)
cusp + 2K2
(
Γ(2)cusp −K2 Γ(1)cusp
)
+ C(3) = K3 Γ
(1)
cusp + 2K2C
(2) + C(3) , (4.7)
where
K3 = C
2
A
(
245
96
− 67
36
ζ2 +
11
24
ζ3 +
11
8
ζ4
)
+ CFnf
(
−55
96
+
ζ3
2
)
+ CAnf
(
−209
432
+
5ζ2
18
− 7ζ3
12
)
− n
2
f
108
,
(4.8)
i.e. K3 = A
(3)
i /Ci, and C
(3) has a long expression which can be found in Eq. (2.13) of Ref. [45].
4.1 Case with two massive eikonal lines
We now give explicit expressions for the cusp anomalous dimension at one, two, and three loops,
when both eikonal lines represent massive quarks that have the same mass m (at the end of this
subsection we will also consider two different masses). This is clearly applicable to the production
of a heavy quark-antiquark pair. Here vi · vj = 1+ β2 and v2i = v2j = 1− β2, where β =
√
1− 4m2/s
is the speed of the massive quarks, and the cusp angle has the explicit form θ = ln[(1 + β)/(1− β)];
also, we have β = tanh(θ/2).
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We note that coth θ = (1 + β2)/(2β), and we define
Lβ =
(1 + β2)
2β
ln
(
1− β
1 + β
)
. (4.9)
The cusp anomalous dimension at one loop is given by
Γβ (1)cusp = −CF (Lβ + 1) (4.10)
where we have added a superscript β to indicate that the cusp anomalous dimension is here given in
terms of β, with both eikonal lines having mass m.
The cusp anomalous dimension at two loops is given by
Γβ (2)cusp = K2 Γ
β (1)
cusp + C
β (2) (4.11)
where Cβ (2) = CFCAC
′(2)
β , with [23]
C
′(2)
β =
1
2
+
ζ2
2
+
1
2
ln2
(
1− β
1 + β
)
+
(1 + β2)
4β
[
ζ2 ln
(
1− β
1 + β
)
− ln2
(
1− β
1 + β
)
+
1
3
ln3
(
1− β
1 + β
)
− Li2
(
4β
(1 + β)2
)]
+
(1 + β2)2
8β2
[
−ζ3 − ζ2 ln
(
1− β
1 + β
)
− 1
3
ln3
(
1− β
1 + β
)
− ln
(
1− β
1 + β
)
Li2
(
(1− β)2
(1 + β)2
)
+ Li3
(
(1− β)2
(1 + β)2
)]
. (4.12)
The cusp anomalous dimension at three loops is given by
Γβ (3)cusp = K3 Γ
β (1)
cusp + 2K2
(
Γβ (2)cusp −K2 Γβ (1)cusp
)
+ Cβ (3) = K3 Γ
β (1)
cusp + 2K2C
β (2) + Cβ (3) , (4.13)
where Cβ (3) = CFC
2
AC
′(3)
β with
C
′(3)
β =
ζ2
2
− ζ3
8
− 9
8
ζ4 +
ζ2
2
ln
(
1− β
1 + β
)
− 1
4
ln2
(
1− β
1 + β
)
+
1
12
ln3
(
1− β
1 + β
)
− 1
24
ln4
(
1− β
1 + β
)
+
1
4
ln2
(
1− β
1 + β
)
ln
(
4β
(1 + β)2
)
+
3
4
ln
(
1− β
1 + β
)
Li2
(
(1− β)2
(1 + β)2
)
− 5
8
Li3
(
(1− β)2
(1 + β)2
)
+
(1 + β2)
2β
{
−ζ3
4
+
15
8
ζ4 −
(
ζ2
2
− ζ3
2
+
9
8
ζ4
)
ln
(
1− β
1 + β
)
+
(
1
4
+ ζ2
)
ln2
(
1− β
1 + β
)
−
(
1
12
+
ζ2
3
)
ln3
(
1− β
1 + β
)
+
7
24
ln4
(
1− β
1 + β
)
− 1
24
ln5
(
1− β
1 + β
)
+
1
2
ln2
(
1− β
1 + β
)
ln
(
4β
(1 + β)2
)
− 1
2
ln3
(
1− β
1 + β
)
ln
(
4β
(1 + β)2
)
− 3
4
ln2
(
1− β
1 + β
)
Li2
(
(1− β)2
(1 + β)2
)
+
1
4
Li2
(
4β
(1 + β)2
)
+
1
4
Li3
(
(1− β)2
(1 + β)2
)
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+
7
4
ln
(
1− β
1 + β
)
Li3
(
(1− β)2
(1 + β)2
)
+
1
2
Li3
(
4β
(1 + β)2
)
− 15
8
Li4
(
(1− β)2
(1 + β)2
)}
+
(1 + β2)2
4β2
{
−ζ2ζ3
2
− 19
8
ζ4 +
3
2
ζ5 −
(
3
2
ζ3 − 15
8
ζ4
)
ln
(
1− β
1 + β
)
+
(
ζ3
4
− ζ2
)
ln2
(
1− β
1 + β
)
+
2
3
ζ2 ln
3
(
1− β
1 + β
)
− 1
4
ln4
(
1− β
1 + β
)
+
11
120
ln5
(
1− β
1 + β
)
+ ln
(
4β
(1 + β)2
) [
ζ3 + ζ2 ln
(
1− β
1 + β
)
− ζ2 ln2
(
1− β
1 + β
)
+
1
3
ln3
(
1− β
1 + β
)
− 1
6
ln4
(
1− β
1 + β
)]
− ln2
(
1− β
1 + β
)
ln2
(
4β
(1 + β)2
)
+ ln
(
1− β
1 + β
)
ln3
(
4β
(1 + β)2
)
− 1
8
ln4
(
4β
(1 + β)2
)
+
[
ζ2
2
− ζ2 ln
(
1− β
1 + β
)
− 2 ln2
(
1− β
1 + β
)
− 1
12
ln3
(
1− β
1 + β
)
+ ln
(
1− β
1 + β
)
ln
(
4β
(1 + β)2
)]
Li2
(
(1− β)2
(1 + β)2
)
− 1
4
Li22
(
(1− β)2
(1 + β)2
)
+
1
2
ln2
(
4β
(1 + β)2
)
Li2
(
4β
(1 + β)2
)
+
1
4
Li22
(
4β
(1 + β)2
)
− 1
2
ln2
(
4β
(1− β)2
)
Li2
(−(1 − β)2
4β
)
+
[
ζ2
2
+
3
2
ln
(
1− β
1 + β
)
− 1
4
ln2
(
1− β
1 + β
)
− ln
(
4β
(1 + β)2
)]
Li3
(
(1− β)2
(1 + β)2
)
+
[
ln
(
1− β
1 + β
)
− ln
(
4β
(1 + β)2
)]
Li3
(
4β
(1 + β)2
)
+
[
2 ln
(
1− β
1 + β
)
− ln
(
4β
(1 + β)2
)]
Li3
(−(1− β)2
4β
)
+
9
8
ln
(
1− β
1 + β
)
Li4
(
(1− β)2
(1 + β)2
)
+ Li4
(
4β
(1 + β)2
)
− Li4
(−(1− β)2
4β
)
− 3
2
Li5
(
(1− β)2
(1 + β)2
)}
+
1
4
{A(β)−A(0) +B(β)−B(0)} (4.14)
with
A(β) =
(1 + β2)3
8β3
{
−3ζ5 − 4ζ4 ln
(
1− β
1 + β
)
− 3ζ3 ln2
(
1− β
1 + β
)
− 4
3
ζ2 ln
3
(
1− β
1 + β
)
− 1
5
ln5
(
1− β
1 + β
)
− 2
3
ln3
(
1− β
1 + β
)
Li2
(
(1− β)2
(1 + β)2
)
+ ln2
(
1− β
1 + β
)
Li3
(
(1− β)2
(1 + β)2
)
− 2 ln
(
1− β
1 + β
)
Li4
(
(1− β)2
(1 + β)2
)
+ 3Li5
(
(1− β)2
(1 + β)2
)
+H1,1,0,0,1
(
4β
(1 + β)2
)
+H1,0,1,0,1
(
4β
(1 + β)2
)}
, (4.15)
where A(0) = 2 and explicit expressions for the harmonic polylogarithms [46] H1,1,0,0,1 and H1,0,1,0,1
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can be found in the Appendix of Ref. [45], and
B(β) =
(1− β2)
4β
{
−2ζ2ζ3 + 2ζ3 ln2
(
1− β
1 + β
)
+
[
3
2
ζ4 − 1
6
ln4
(
1− β
1 + β
)]
ln
(
2β
1− β
)
+
[
3
2
ζ4 − 2ζ3 ln
(
1− β
1 + β
)
− 1
6
ln4
(
1− β
1 + β
)]
ln
(
1− β
2
)
+ 2ζ3
[
Li2
(−1 + β
1 + β
)
+ Li2
(
2β
1 + β
)]
− 2
3
ln3
(
1− β
1 + β
)[
Li2
(
1− β
1 + β
)
− Li2
(−1 + β
1 + β
)]
+ 2 ln2
(
1− β
1 + β
) [
Li3
(
1− β
1 + β
)
− Li3
(−1 + β
1 + β
)]
− 4 ln
(
1− β
1 + β
)[
Li4
(
1− β
1 + β
)
− Li4
(−1 + β
1 + β
)]
+ 4Li5
(
1− β
1 + β
)
− 4Li5
(−1 + β
1 + β
)
+ 4
[
H1,0,1,0,0
(
1− β
1 + β
)
+H−1,0,1,0,0
(
1− β
1 + β
)
−H1,0,−1,0,0
(
1− β
1 + β
)
−H−1,0,−1,0,0
(
1− β
1 + β
)]}
, (4.16)
where B(0) = 3ζ3/2 and explicit expressions for the harmonic polylogarithms, H1,0,1,0,0, H−1,0,1,0,0,
H1,0,−1,0,0, and H−1,0,−1,0,0 can be found in the Appendix of Ref. [45].
The limit of the n-loop cusp anomalous dimension as β goes to 1, or equivalently as m2/s → 0,
can be written as
Γβ (n)cusp
β→1−→ −KnCF ln
(
m2
s
)
+Rn (4.17)
where we define Kn = A
(n)
i /Ci (and thus K1 = 1), and the terms Rn at one, two, and three loops
are given, respectively, by R1 = −K1CF , R2 = −K2CF + (1/2)CFCA(1− ζ3), and
R3 = −K3CF +K2CFCA(1− ζ3) + CFC2A
(
−1
2
+
3
4
ζ2 − ζ3
4
− 3
4
ζ2ζ3 +
9
8
ζ5
)
. (4.18)
Finally, we consider the case when the two lines have different masses, m1 and m2. In that case,
we define
Lβ1β2 =
(1 + β1β2)
2(β1 + β2)
ln
(
(1− β1)(1− β2)
(1 + β1)(1 + β2)
)
, (4.19)
where β1 =
(
1− 4m21s
(s+m2
1
−m2
2
)2
)1/2
and β2 =
(
1− 4m22s
(s+m2
2
−m2
1
)2
)1/2
, and the cusp anomalous dimension at
one loop is then given by
Γβ1β2 (1)cusp = −CF (Lβ1β2 + 1) . (4.20)
4.2 Case with one massless and one massive eikonal line
We take the eikonal line i to represent a massive quark of mass mi, and the eikonal line j to represent
a massless quark. To find the expressions for this case, we take the limit of the massive expression
as the mass of eikonal line j goes to zero, taking into account the self energies. We note that in
this limit θ = ln[2pi · pj/(mi
√
p2j)]. At one loop, the heavy quark self-energy is -CF/2, so removing
it adds CF/2, and then we add the massless contribution CF ln
√
p2j/s. The overall change in the
self-energy contributions relative to the fully massive case is thus CF/2 +CF ln
√
p2j/s, which equals
16
−R1/2 + CF ln
√
p2j/s, where R1 was defined in the previous subsection. Thus, we find at one loop
Γmi (1)cusp = CF
[
ln
(
2pi · pj
mi
√
s
)
− 1
2
]
, (4.21)
where we have added a superscript mi to indicate that only eikonal line i has a mass.
At two loops, the heavy-quark self-energy is −(K2/2)CF +CFCA(1−ζ2)/4, so again we remove it
and then add the contribution for the massless eikonal line, which is CFK2 ln
√
p2j/s−CFCA(ζ2−ζ3)/4.
The total additional contribution is thus (K2/2)CF −CFCA(1−ζ3)/4+CFK2 ln
√
p2j/s, which equals
−R2/2+CFK2 ln
√
p2j/s, where R2 was defined in the previous subsection. Thus, we find the two-loop
result
Γmi (2)cusp = K2 Γ
mi (1)
cusp +
1
4
CFCA(1− ζ3) . (4.22)
We note that this can be rewritten as Γmi (2)cusp = K2CF ln(2pi · pj/(mi
√
s)) +R2/2.
At three loops, again removing the heavy-quark self-energy and adding the massless contribution,
we find a total additional contribution of −R3/2 + CFK3 ln
√
p2j/s, where R3 was defined in the
previous subsection in Eq. (4.18). Thus, we find the three-loop result
Γmi (3)cusp = K3 Γ
mi (1)
cusp +
1
2
K2CFCA(1− ζ3) + CFC2A
(
−1
4
+
3
8
ζ2 − ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
)
. (4.23)
We note that this can be rewritten as Γmi (3)cusp = K3CF ln(2pi · pj/(mi
√
s)) +R3/2.
We also note that in general the n-loop result can be written as Γmi (n)cusp = KnCF ln(2pi·pj/(mi
√
s))+
Rn/2.
4.3 Case with two massless eikonal lines
In the case where both eikonal lines are massless, θ = ln(2pi · pj/
√
p2i p
2
j), and again removing the
heavy-quark self-energies and adding the massless contributions, we find the lightlike cusp anomalous
dimension as
Γmasslesscusp = CF ln
(
2pi · pj
s
) ∞∑
n=1
(
αs
π
)n
Kn . (4.24)
5 ΓS for some processes with trivial color structure
The soft anomalous dimension vanishes to all orders for many processes with trivial color structure,
with no colored particles in the final state. Some well-known processes of this type are the Drell-Yan
processes qq¯ → γ∗, qq¯ → Z; W -boson production via qq¯′ → W±; Higgs production via bb¯ → H and
gg → H ; production of electroweak boson pairs qq¯ → γγ, qq¯ → ZZ, qq¯ → W+W−, qq¯ → γZ; qq¯′ →
W±γ; qq¯′ →W±Z; and charged Higgs production via bb¯→ H−W+, bb¯→ H+H−, gg → H+H−.
The soft anomalous dimension for deep-inelastic-scattering (DIS) lq → lq with underlying process
qγ∗ → q is given at one, two, and three loops by
Γ
(1)
S qγ∗→q = CF ln(−t/s) , Γ(2)S qγ∗→q = K2CF ln(−t/s) , Γ(3)S qγ∗→q = K3CF ln(−t/s) , (5.1)
respectively.
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6 ΓS for large-pT W production and related processes
We next consider processes with a W -boson or a Z-boson or a Higgs-boson produced at large-pT ,
direct-photon production, and related processes. For these processes there is only a single color
tensor, coupling the two quarks (or quark and antiquark) to the gluon in an octet state. Thus the
soft anomalous dimension is a simple function, not a matrix.
The soft anomalous dimensions for the processes qg → W±q′ and qg → Zq and qg → γq and
bg → Hb, are all identical. UsingW production at large pT as the specific process, the soft anomalous
dimension is given at one loop by [8, 38, 47]
Γ
(1)
S qg→Wq′ = CF ln
(−u
s
)
+
CA
2
ln
(
t
u
)
, (6.1)
at two-loops by [47]
Γ
(2)
S qg→Wq′ = K2 Γ
(1)
S qg→Wq′ , (6.2)
and at three loops by
Γ
(3)
S qg→Wq′ = K3 Γ
(1)
S qg→Wq′ . (6.3)
For qq¯′ →W±g or qq¯ → Zg or qq¯ → γg or bb¯→ Hg, the corresponding results are
Γ
(1)
S qq¯′→Wg =
CA
2
ln
(
tu
s2
)
, Γ
(2)
S qq¯′→Wg = K2 Γ
(1)
S qq¯′→Wg , Γ
(3)
S qq¯′→Wg = K3 Γ
(1)
S qq¯′→Wg . (6.4)
We also note that the soft anomalous dimensions for the reverse processes γq → qg and γg → qq¯
are the same as for the corresponding processes above.
7 ΓS for single-top production and related processes
We continue with various single-top production processes. They include s-channel, t-channel, and
tW− production, and various related FCNC single-top processes.
7.1 s-channel single-top production
Soft anomalous dimensions for s-channel single-top production were calculated at one loop in Refs.
[12, 48, 49], at two loops in [49, 50], and at three loops in [50].
The partonic processes are qq¯′ → tb¯. In this channel we have 2→ 2 processes at lowest order that
involve a final-state top quark and a final-state massless quark. Thus, we have four colored particles
involved in the scattering, one of which is massive.
The color structure of the hard scattering in s-channel single-top production is more complicated
and thus the soft anomalous dimension is a 2 × 2 matrix in color space. We choose a singlet-octet
s-channel color basis, cqq¯
′→tb¯
1 = δabδ12 and c
qq¯′→tb¯
2 = T
c
baT
c
12.
The four matrix elements of the s-channel soft anomalous dimension matrix, ΓS qq¯′→tb¯, are given
at one loop by
Γ
(1)
11 qq¯′→tb¯= CF
[
ln
(
s−m2t
mt
√
s
)
− 1
2
]
, Γ
(1)
12 qq¯′→tb¯=
CF
2Nc
ln
(
t(t−m2t )
u(u−m2t )
)
, Γ
(1)
21 qq¯′→tb¯= ln
(
t(t−m2t )
u(u−m2t )
)
,
Γ
(1)
22 qq¯′→tb¯ =
(
CF − CA
2
) [
ln
(
s−m2t
mt
√
s
)
− 1
2
+ 2 ln
(
t(t−m2t )
u(u−m2t )
)]
+
CA
2
[
ln
(
t(t−m2t )
mt s3/2
)
− 1
2
]
(7.1)
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where mt is the top-quark mass.
At two loops, we have
Γ
(2)
11 qq¯′→tb¯ = K2 Γ
(1)
11 qq¯′→tb¯ +
1
4
CFCA(1− ζ3) , Γ(2)12 qq¯′→tb¯ = K2 Γ
(1)
12 qq¯′→tb¯ ,
Γ
(2)
21 qq¯′→tb¯ = K2 Γ
(1)
21 qq¯′→tb¯, Γ
(2)
22 qq¯′→tb¯ = K2 Γ
(1)
22 qq¯′→tb¯ +
1
4
CFCA(1− ζ3) . (7.2)
At three loops, only the first element of the soft anomalous dimension matrix is needed to calculate
the N3LO soft-gluon corrections, because only the first element of the leading-order hard matrix is
nonzero. We have
Γ
(3)
11 qq¯′→tb¯ = K3 Γ
(1)
11 qq¯′→tb¯ +
1
2
K2CFCA(1− ζ3) + CFC2A
(
−1
4
+
3
8
ζ2 − ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
)
. (7.3)
Furthermore, up to unknown contributions from four-parton correlations, Γ
(3)
22 qq¯′→tb¯ should have the
same form as Eq. (7.3) (just replace the 11 subscripts by 22), and the two off-diagonal elements at
three loops should have a similar form to Eq. (7.2) (replace K2 by K3).
7.2 t-channel single-top production
Soft anomalous dimensions for t-channel single-top production were calculated at one loop in Refs.
[12, 48, 51], at two loops in [50, 51], and at three loops in [50].
The partonic processes are bq → tq′. The color structure of the hard scattering in t-channel
single-top production is again complicated, and the soft anomalous dimension is a 2 × 2 matrix in
color space. We choose a singlet-octet t-channel color basis, cbq→tq
′
1 = δa1δb2 and c
bq→tq′
2 = T
c
1aT
c
2b.
The four matrix elements of the t-channel soft anomalous dimension matrix, ΓS bq→tq′ , are given
at one loop by
Γ
(1)
11 bq→tq′ = CF
[
ln
(
t(t−m2t )
mts3/2
)
− 1
2
]
, Γ
(1)
12 bq→tq′=
CF
2Nc
ln
(
u(u−m2t )
s(s−m2t )
)
,Γ
(1)
21 bq→tq′= ln
(
u(u−m2t )
s(s−m2t )
)
,
Γ
(1)
22 bq→tq′ =
(
CF − CA
2
) [
ln
(
t(t−m2t )
mt s3/2
)
− 1
2
+ 2 ln
(
u(u−m2t )
s(s−m2t )
)]
+
CA
2
ln
[(
u(u−m2t )
mt s3/2
)
− 1
2
]
.
(7.4)
At two loops, our calculation gives
Γ
(2)
11 bq→tq′ = K2 Γ
(1)
11 bq→tq′ +
1
4
CFCA(1− ζ3) , Γ(2)12 bq→tq′ = K2 Γ(1)12 bq→tq′ ,
Γ
(2)
21 bq→tq′ = K2 Γ
(1)
21 bq→tq′ , Γ
(2)
22 bq→tq′ = K2 Γ
(1)
22 bq→tq′ +
1
4
CFCA(1− ζ3) . (7.5)
At three loops, only the first element of the soft anomalous dimension matrix is needed to calculate
the N3LO soft-gluon corrections, as for the s-channel. We find
Γ
(3)
11 bq→tq′ = K3 Γ
(1)
11 bq→tq′ +
1
2
K2CFCA(1− ζ3) + CFC2A
(
−1
4
+
3
8
ζ2 − ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
)
. (7.6)
Furthermore, up to unknown contributions from four-parton correlations, Γ
(3)
22 bq→tq′ should have the
same form as Eq. (7.6) (just replace the 11 subscripts by 22), and the two off-diagonal elements at
three loops should have similar form to Eq. (7.5) (replace K2 by K3).
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7.3 bg → tW− and related processes
We next present the soft anomalous dimension for the associated production of a top quark with a
W boson via bg → tW− which is known at one-loop [38, 48], two loops [52], and three loops [50].
The soft anomalous dimension for tW production is identical to that for other related processes in
models of new physics, such as the associated production of a top quark with a charged Higgs boson
via bg → tH− in two-Higgs-doublet models, and flavor-changing-neutral-current (FCNC) processes
that proceed via anomalous top-quark couplings, such qg → tZ (or tZ ′) and qg → tγ (see [12] for
a review). In all these cases we have 2 → 2 processes at lowest order that involve a final-state top
quark and a final-state boson.
The soft anomalous dimension at one-loop for bg → tW− (and all other processes in this set) is
given by
Γ
(1)
S bg→tW = CF
[
ln
(
m2t − t
mt
√
s
)
− 1
2
]
+
CA
2
ln
(
u−m2t
t−m2t
)
. (7.7)
The two-loop result is given by
Γ
(2)
S bg→tW = K2 Γ
(1)
S bg→tW +
1
4
CFCA(1− ζ3) . (7.8)
The three-loop result is
Γ
(3)
S bg→tW = K3 Γ
(1)
S bg→tW +
1
2
K2CFCA(1− ζ3) + CFC2A
(
−1
4
+
3
8
ζ2 − ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
)
. (7.9)
7.4 FCNC ue→ te
For the FCNC process ue → te, which proceeds via anomalous t-q-γ and t-q-Z couplings, we have
[38, 53, 54]
Γ
(1)
S ue→te = CF
[
ln
(
m2t − t
mt
√
s
)
− 1
2
]
. (7.10)
The two-loop result is given by
Γ
(2)
S ue→te = K2 Γ
(1)
S ue→te +
1
4
CFCA(1− ζ3) (7.11)
and the three-loop result by
Γ
(3)
S ue→te = K3 Γ
(1)
S ue→te +
1
2
K2CFCA(1− ζ3) + CFC2A
(
−1
4
+
3
8
ζ2 − ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
)
. (7.12)
7.5 FCNC tg production
We next consider tg production via an anomalous t-q-g coupling [55]. For the partonic process
gu → tg we choose the color basis cgu→tg1 = δb1δa2, cgu→tg2 = da2cT c1b, cgu→tg3 = ifa2cT c1b. Then the
one-loop soft anomalous dimension is
Γ
(1)
S gu→tg =


Γ
(1)
11 gu→tg 0 Γ
(1)
13 gu→tg
0 Γ
(1)
22 gu→tg Γ
(1)
23 gu→tg
Γ
(1)
31 gu→tg Γ
(1)
32 gu→tg Γ
(1)
22 gu→tg

 (7.13)
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where [55]
Γ
(1)
11 gu→tg = CF
[
ln
(
m2t − u
mt
√
s
)
− 1
2
]
+ CA ln
(−u
s
)
,
Γ
(1)
31 gu→tg = ln
(
t(t−m2t )
s(s−m2t )
)
, Γ
(1)
32 gu→tg =
(N2c − 4)
4Nc
ln
(
t(t−m2t )
s(s−m2t )
)
,
Γ
(1)
22 gu→tg = CF
[
ln
(
m2t − u
mt
√
s
)
− 1
2
]
+
CA
4
ln
(
tu2(s−m2t )(t−m2t )
(u−m2t )2 s3
)
,
Γ
(1)
23 gu→tg =
CA
4
ln
(
t(t−m2t )
s(s−m2t )
)
, Γ
(1)
13 gu→tg =
1
2
ln
(
t(t−m2t )
s(s−m2t )
)
. (7.14)
For the two-loop soft anomalous dimension matrix, as for s-channel and t-channel single-top
production in the previous subsections, the two-loop matrix elements are given by K2 times the
corresponding one-loop elements, with an additional term CFCA(1− ζ3)/4 in the diagonal elements.
8 ΓS for tt¯ production and related processes
In this section we discuss the soft anomalous dimension matrices for top-antitop pair production,
which of course are the same for bottom quark or charm quark production, and related processes
such as DIS heavy-quark production, FCNC tt production, and squark and gluino production.
8.1 tt¯ production in hadronic collisions
The top-antitop pair production partonic processes at lowest order are qq¯ → tt¯ and gg → tt¯. Next,
we present the one-loop and two-loop results for the soft anomalous matrices for these partonic
processes [3, 5, 23, 56–58].
8.1.1 qq¯ → tt¯
The soft anomalous dimension matrix ΓS qq¯→tt¯ for the process qq¯ → tt¯ is a 2 × 2 matrix. We use a
color tensor basis of s-channel singlet and octet exchange, cqq¯→tt¯1 = δabδ12, c
qq¯→tt¯
2 = T
c
ba T
c
12.
The four matrix elements of ΓS qq¯→tt¯ are given at one loop [3, 5, 58] by
Γ
(1)
11 qq¯→tt¯ = = −CF (Lβ + 1) , Γ(1)12 qq¯→tt¯ =
CF
Nc
ln
(
t−m2t
u−m2t
)
, Γ
(1)
21 qq¯→tt¯ = 2 ln
(
t−m2t
u−m2t
)
,
Γ
(1)
22 qq¯→tt¯ =
(
CF − CA
2
)[
−Lβ − 1 + 4 ln
(
t−m2t
u−m2t
)]
+
CA
2
[
ln
(
(t−m2t )2
sm2t
)
− 1
]
, (8.1)
where Lβ is given by Eq. (4.9). We note that the first element of the matrix is equal to Γ
β (1)
cusp .
At two loops we have [23, 56–58]
Γ
(2)
11 qq¯→tt¯ = Γ
β (2)
cusp , Γ
(2)
12 qq¯→tt¯ =
(
K2 − CANβ2
)
Γ
(1)
12 qq¯→tt¯ , Γ
(2)
21 qq¯→tt¯ =
(
K2 + CAN
β
2
)
Γ
(1)
21 qq¯→tt¯ ,
Γ
(2)
22 qq¯→tt¯ = K2 Γ
(1)
22 qq¯→tt¯ + CA
(
CF − CA
2
)
C
′(2)
β +
C2A
4
(1− ζ3) . (8.2)
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where C
′(2)
β is given by Eq. (4.12) and N
β
2 is given by
Nβ2 =
1
4
ln2
(
1− β
1 + β
)
+
(1 + β2)
8β
[
ζ2 − ln2
(
1− β
1 + β
)
− Li2
(
4β
(1 + β)2
)]
. (8.3)
At three loops, we expect a similar structure up to four-parton correlations, i.e. the first three
matrix elements should have the same form as in Eq. (8.2) (replace two-loop quantities by three-loop
ones), while
Γ
(3)
22 qq¯→tt¯ = K3 Γ
(1)
22 qq¯→tt¯ + CA
(
CF − CA
2
)(
CAC
′(3)
β + 2K2C
′(2)
β
)
+
K2
2
C2A(1− ζ3)
+ C3A
(
−1
4
+
3
8
ζ2 − ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
)
+X
(3) 4p
22 qq¯→tt¯ , (8.4)
where C
′(3)
β is given by Eq. (4.14), and X
(3) 4p
22 qq¯→tt¯ denotes the unknown three-loop contributions from
four-parton correlations.
8.1.2 gg → tt¯
The soft anomalous dimension matrix ΓS gg→tt¯ for the process gg → tt¯ in a color tensor basis cgg→tt¯1 =
δab δ12, c
gg→tt¯
2 = d
abc T c12, c
gg→tt¯
3 = if
abc T c12, is given by
ΓS gg→tt¯ =


Γ11 gg→tt¯ 0 Γ13 gg→tt¯
0 Γ22 gg→tt¯ Γ23 gg→tt¯
Γ31 gg→tt¯ Γ32 gg→tt¯ Γ22 gg→tt¯

 . (8.5)
At one loop we have [5, 58]
Γ
(1)
11 gg→tt¯ = −CF (Lβ + 1) , Γ(1)13 gg→tt¯ = ln
(
t−m2t
u−m2t
)
, Γ
(1)
31 gg→tt¯ = 2 ln
(
t−m2t
u−m2t
)
,
Γ
(1)
22 gg→tt¯ =
(
CF − CA
2
)
(−Lβ − 1) + CA
2
[
ln
(
(t−m2t )(u−m2t )
sm2t
)
− 1
]
,
Γ
(1)
23 gg→tt¯ =
CA
2
ln
(
t−m2t
u−m2t
)
, Γ
(1)
32 gg→tt¯ =
(N2c − 4)
2Nc
ln
(
t−m2t
u−m2t
)
. (8.6)
At two loops we find [23, 56–58]
Γ
(2)
11 gg→tt¯ = Γ
β (2)
cusp , Γ
(2)
13 gg→tt¯ =
(
K2 − CANβ2
)
Γ
(1)
13 gg→tt¯ , Γ
(2)
31 gg→tt¯ =
(
K2 + CAN
β
2
)
Γ
(1)
31 gg→tt¯ ,
Γ
(2)
22 gg→tt¯ = K2 Γ
(1)
22 gg→tt¯ + CA
(
CF − CA
2
)
C
′(2)
β +
C2A
4
(1− ζ3) ,
Γ
(2)
23 gg→tt¯ = K2 Γ
(1)
23 gg→tt¯ , Γ
(2)
32 gg→tt¯ = K2 Γ
(1)
32 gg→tt¯ . (8.7)
At three loops, we expect a similar structure but with additional four-parton correlations, as
discussed in the previous subsection, i.e. replace two-loop quantities by three-loop ones, and Γ
(3)
22 gg→tt¯
of the same general form as Eq. (8.4).
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8.2 DIS heavy-quark production
For heavy-quark production in DIS (also known as electroproduction of heavy quarks), ep → eQQ¯,
the underlying process is gγ∗ → QQ¯. As for direct photon production there is only a single color
tensor, coupling the produced pair to the gluon in an octet state. The soft anomalous dimension is
given at one loop [38, 59] by
Γ
(1)
S gγ∗→QQ¯ = −CF (Lβ + 1) +
CA
2
[
Lβ + ln
(
(t−m2Q)(u−m2Q)
m2Q s
)]
, (8.8)
where Lβ is given by Eq. (4.9).
8.3 e+e− → tt¯
The soft anomalous dimension for e+e− → tt¯ is simply the cusp anomalous dimension for the case
of both eikonal lines of mass mt [23, 45] that was presented in Section 4.1.
8.4 FCNC qq → tt
For the process, uu→ tt [54], which proceeds via anomalous t-q-γ and t-q-Z couplings, we choose a
color basis consisting of singlet exchange in the t and u channels, c1 = δa1δb2 and c2 = δa2δb1. Then
ΓS qq→tt is a 2×2 soft anomalous dimension matrix, and its matrix elements at one loop [54] are given
by
Γ
(1)
11 qq→tt = CF
[
2 ln
(
m2t − t
mt
√
s
)
− 1
]
+
(
CF − CA
2
) [
2 ln
(
m2t − u
mt
√
s
)
+ Lβ
]
,
Γ
(1)
12 qq→tt = ln
(
m2t − t
mt
√
s
)
+
1
2
Lβ , Γ
(1)
21 qq→tt = ln
(
m2t − u
mt
√
s
)
+
1
2
Lβ ,
Γ
(1)
22 qq→tt = CF
[
2 ln
(
m2t − u
mt
√
s
)
− 1
]
+
(
CF − CA
2
)[
2 ln
(
m2t − t
mt
√
s
)
+ Lβ
]
, (8.9)
where Lβ is given by Eq. (4.9). We, of course, note that this process is similar to tt¯ production via
the qq¯ channel, but a different choice of color basis here leads to a different form for the results.
8.5 Squark and gluino production
For squark production via the process qq¯ → q˜˜¯q, the soft anomalous dimension is of the same form
as for the top-production process qq¯ → tt¯ in Section 8.1.1 (just replace the top-quark mass by the
squark mass [38]), with a similar result for the channel qq → q˜q˜ (see also [60, 61]).
For squark production via the process gg → q˜˜¯q, the soft anomalous dimension is of the same
form as for the top-production process gg → tt¯ in Section 8.1.2 (again, just replace the top-quark
mass by the squark mass [38]). A modified form of this matrix describes gluino production via the
process qq¯ → g˜g˜, now using the gluino mass [60]. An analogous result describes squark and gluino
production via the process qg → q˜g˜ [61].
For gluino production via the process gg → g˜g˜, the color structure is more complicated (the same
as for gg → gg in Section 9.5), and the soft anomalous dimension matrix is given in [60].
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9 ΓS for jet production and related processes
In this section we present the soft anomalous dimension matrices for partonic processes involved in
jet production [7]; these soft anomalous dimensions are also relevant to related processes such as
hadron production.
9.1 qq¯ → qq¯
We begin with the quark-antiquark annihilation processes, qq¯ → qq¯. There are three different types
of quark-antiquark processes here, depending on the quark flavors: qj q¯j → qj q¯j, qj q¯j → qkq¯k, and
qj q¯k → qj q¯k.
In the t-channel singlet-octet color basis cqq¯→qq¯1 = δa1δb2, c
qq¯→qq¯
2 = T
c
1aT
c
b2, the one-loop soft
anomalous dimension matrix is [7]
Γ
(1)
S qq¯→qq¯ =

 2CF ln(−t/s) −CFNc ln(−u/s)
−2 ln(−u/s) − 1
Nc
ln(−ts/u2)

 . (9.1)
At two loops, Γ
(2)
S qq¯→qq¯ = K2 Γ
(1)
S qq¯→qq¯.
9.2 qq → qq and q¯q¯ → q¯q¯
Next, we discuss quark-quark scattering processes, qq → qq. There are two different types of quark-
quark processes here, depending on the quark flavors: qjqj → qjqj and qjqk → qjqk.
In the t-channel octet-singlet color basis cqq→qq1 = T
c
1aT
c
2b, c
qq→qq
2 = δa1δb2, the one-loop soft
anomalous dimension matrix is [7]
Γ
(1)
S qq→qq =

 − 1Nc ln(tu/s2) + 2CF ln(−u/s) 2 ln(−u/s)
CF
Nc
ln(−u/s) 2CF ln(−t/s)

 . (9.2)
At two loops, Γ
(2)
S qq→qq = K2 Γ
(1)
S qq→qq.
The same soft anomalous dimension matrix describes the process with antiquarks, q¯q¯ → q¯q¯.
9.3 qq¯ → gg and gg → qq¯
Next, we discuss the processes qq¯ → gg and gg → qq¯.
For the process qq¯ → gg, in the s-channel color basis cqq¯→gg1 = δabδ12, cqq¯→gg2 = d12cT cba, cqq¯→gg3 =
if 12cT cba, the one-loop soft anomalous dimension matrix is [7]
Γ
(1)
S qq¯→gg =


0 0 ln(u/t)
0 CA
2
ln(tu/s2) CA
2
ln(u/t)
2 ln(u/t) N
2
c−4
2Nc
ln(u/t) CA
2
ln(tu/s2)

 . (9.3)
At two loops, Γ
(2)
S qq¯→gg = K2 Γ
(1)
S qq¯→gg.
This soft anomalous dimension matrix also describe the time-reversed process gg → q¯q.
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9.4 qg → qg and q¯g → q¯g
Here we discuss quark-gluon scattering, qg → qg. In the t-channel color basis cqg→qg1 = δa1δb2,
cqg→qg2 = d
b2cT c1a, c
qg→qg
3 = if
b2cT c1a, the one-loop soft anomalous dimension matrix is [7]
Γ
(1)
S qg→qg =


(CF + CA) ln(−t/s) 0 ln(−u/s)
0 CF ln(−t/s) + CA2 ln(−u/s) CA2 ln(−u/s)
2 ln(−u/s) N2c−4
2Nc
ln(−u/s) CF ln(−t/s) + CA2 ln(−u/s)

 .
(9.4)
At two loops, Γ
(2)
S qg→qg = K2 Γ
(1)
S qg→qg.
This soft anomalous dimension matrix also describes the process q¯g → q¯g.
9.5 gg → gg
Finally, we consider gluon-gluon scattering, gg → gg. The color decomposition for this process is by
far the most complicated among 2→ 2 processes. A complete color basis for the process gg → gg is
given by the eight color structures [7]
cgg→gg1 = =
i
4
(
fabcd12c − dabcf 12c
)
, cgg→gg2 =
i
4
(
fabcd12c + dabcf 12c
)
,
cgg→gg3 = =
i
4
(
fa1cdb2c + da1cf b2c
)
, cgg→gg4 = P1(a, b; 1, 2) =
1
N2c − 1
δa1δb2 ,
cgg→gg5 = P8S(a, b; 1, 2) =
Nc
N2c − 4
da1cdb2c , cgg→gg6 = P8A(a, b; 1, 2) =
1
Nc
fa1cf b2c ,
cgg→gg7 = P10+10(a, b; 1, 2) =
1
2
(δabδ12 − δa2δb1)− 1
Nc
fa1cf b2c ,
cgg→gg8 = P27(a, b; 1, 2) =
1
2
(δabδ12 + δa2δb1)− 1
N2c − 1
δa1δb2 − Nc
N2c − 4
da1cdb2c , (9.5)
where we used the t-channel projectors P in the product 8⊗8 = 1+8S+8A+10+10+27 describing
the color content of a set of two gluons.
The one-loop soft anomalous dimension matrix is [7]
Γ
(1)
S gg→gg =
[
Γ
(1)
3×3 03×5
05×3 Γ
(1)
5×5
]
, (9.6)
with
Γ
(1)
3×3 =


Nc ln(−t/s) 0 0
0 Nc ln(−u/s) 0
0 0 Nc ln(tu/s
2)

 (9.7)
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and
Γ
(1)
5×5 =


2Nc ln(
−t
s
) 0 −2Nc ln(−us ) 0 0
0 Nc
2
ln(−ut
2
s3
) −Nc
2
ln(−u
s
) −Nc ln(−us ) 0
− 2Nc
N2c−1 ln(
−u
s
) −Nc
2
ln(−u
s
) Nc
2
ln(−ut
2
s3
) 0 −Nc(Nc+3)
2(Nc+1)
ln(−u
s
)
0 − 2Nc
N2c−4 ln(
−u
s
) 0 Nc ln(
−u
s
) −Nc(Nc+3)
2(Nc+2)
ln(−u
s
)
0 0 − 2
Nc
ln(−u
s
) (Nc+1)(2−Nc)
Nc
ln(−u
s
) −2 ln(−t
s
) + (Nc + 1) ln(
−u
s
)


(9.8)
while at two loops we have Γ
(2)
S gg→gg = K2 Γ
(1)
S gg→gg.
10 ΓS for some 2→ 3 processes
In this section we consider several processes that involve a three-particle final state at leading order.
10.1 tqH, tqZ, tqγ, tqW production
We begin with processes involving a top quark and a Higgs boson, or a top quark and a Z boson, or
a top quark and a photon [11].
We begin with the s-channel processes q(pa)+ q¯
′(pb)→ t(p1)+ b¯(p2)+H(p3) as well as qq¯′ → tb¯Z,
qq¯′ → tb¯γ, qq¯ → tb¯W−, qq¯′ → tq¯′′W+. We define s = (pa + pb)2, t = (pa − p1)2, and u = (pb − p1)2,
as before, and further define s′ = (p1 + p2)2, t′ = (pb− p2)2, and u′ = (pa− p2)2. The soft anomalous
dimension matrix is identical for all these processes. We choose qq¯′ → tb¯H as the specific process,
and we use the color basis cqq¯
′→tb¯H
1 = δabδ12 and c
qq¯′→tb¯H
2 = T
c
baT
c
12. Then, the four elements of the
soft anomalous dimension matrix, ΓS qq′→tb¯H , are given at one loop by [11]
Γ
(1)
11 qq¯′→tb¯H = CF
[
ln
(
s′ −m2t
mt
√
s
)
− 1
2
]
,
Γ
(1)
12 qq¯′→tb¯H =
CF
2Nc
ln
(
t′(t−m2t )
u′(u−m2t )
)
, Γ
(1)
21 qq¯′→tb¯H = ln
(
t′(t−m2t )
u′(u−m2t )
)
,
Γ
(1)
22 qq¯′→tb¯H = CF
[
ln
(
s′ −m2t
mt
√
s
)
− 1
2
]
− 1
Nc
ln
(
t′(t−m2t )
u′(u−m2t )
)
+
Nc
2
ln
(
t′(t−m2t )
s(s′ −m2t )
)
. (10.1)
We note that this is very similar to s-channel single-top production since in both cases we have
two colored particles in the final state, the difference being an extra colorless boson in the case here.
Thus, the soft anomalous dimension matrices are almost the same, the difference arising from the
more complicated kinematics in tqH production; essentially, by replacing s by s′, t by t′, and u by
u′ in selected places.
We continue with the t-channel processes b(pa)+q(pb)→ t(p1)+q′(p2)+H(p3) as well as bq → tq′Z,
bq → tq′γ, bq → tqW−, qq → tq′W+, which have the same soft anomalous dimension matrix. We
define the kinematical variables as above. We choose bq → tq′H as the specific process, and we use
the color basis cbq→tq
′H
1 = δa1δb2 and c
bq→tq′H
2 = T
c
1aT
c
2b. Then, the four elements of the soft anomalous
dimension matrix, ΓS bq→tq′H , are given at one loop by [11]
Γ
(1)
11 bq→tq′H = CF
[
ln
(
t′(t−m2t )
mts3/2
)
− 1
2
]
,
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Γ
(1)
12 bq→tq′H =
CF
2Nc
ln
(
u′(u−m2t )
s(s′ −m2t )
)
, Γ
(1)
21 bq→tq′H = ln
(
u′(u−m2t )
s(s′ −m2t )
)
,
Γ
(1)
22 bq→tq′H = CF
[
ln
(
t′(t−m2t )
mts3/2
)
− 1
2
]
− 1
Nc
ln
(
u′(u−m2t )
s(s′ −m2t )
)
+
Nc
2
ln
(
u′(u−m2t )
t′(t−m2t )
)
.(10.2)
We note that this is very similar to t-channel single-top production, and the soft anomalous
dimension matrices are almost the same, essentially differing by replacing s by s′, t by t′, and u by
u′ in selected places.
At two loops, the soft anomalous dimension matrices for each of these s-channel or t-channel
processes can be written compactly in terms of the corresponding one-loop results [11], in a way
entirely analogous to the s-channel and t-channel single-top results in Section 7.
10.2 tt¯H, tt¯Z, tt¯γ, tt¯W production
We next consider the processes q(pa) + q¯(pb)→ t(p1) + t¯(p2) +H(p3) as well as qq¯ → tt¯Z, qq¯ → tt¯γ,
qq¯ → tt¯W±, which have the same soft anomalous dimension matrix. We choose qq¯ → tt¯H as the
specific process and use a color tensor basis of s-channel singlet and octet exchange, cqq¯→tt¯H1 = δabδ12,
cqq¯→tt¯H2 = T
c
ba T
c
12. The four matrix elements of ΓS qq¯→tt¯H are closely related to those for qq¯ → tt¯ [3,5,58]
that we presented in Section 8.1.1, and are given at one loop [62, 63] by
Γ
(1)
11 qq¯→tt¯H=−CF (Lβ′ + 1) , Γ(1)12 qq¯→tt¯H =
CF
2Nc
Γ
(1)
21 qq¯→tt¯H , Γ
(1)
21 qq¯→tt¯H = ln
(
(t−m2t )(t′ −m2t )
(u−m2t )(u′ −m2t )
)
,
Γ
(1)
22 qq¯→tt¯H=
(
CF − CA
2
) [
−Lβ′ − 1 + 2 ln
(
(t−m2t )(t′ −m2t )
(u−m2t )(u′ −m2t )
)]
+
CA
2
[
ln
(
(t−m2t )(t′ −m2t )
sm2t
)
− 1
]
(10.3)
where Lβ′ is of the form of Eq. (4.9) but with β replaced by β
′ =
√
1− 4m2/s′.
The processes gg → tt¯H , gg → tt¯Z, gg → tt¯γ, have the same soft anomalous dimension which
is a 3 × 3 matrix of the form of Eq. (8.5). The matrix elements are closely related to those for
gg → tt¯ [5, 58] that we presented in Section 8.1.2. We choose gg → tt¯H as the specific process
and use the color basis cgg→tt¯H1 = δ
ab δ12, c
gg→tt¯H
2 = d
abc T c12, c
gg→tt¯H
3 = if
abc T c12. At one loop we
have [62, 63]
Γ
(1)
11 gg→tt¯H = −CF (Lβ′ + 1) , Γ(1)13 gg→tt¯H =
1
2
ln
(
(t−m2t )(t′ −m2t )
(u−m2t )(u′ −m2t )
)
,
Γ
(1)
22 gg→tt¯H =
(
CF − CA
2
)
(−Lβ′ − 1) + CA
2
[
1
2
ln
(
(t−m2t )(t′ −m2t )(u−m2t )(u′ −m2t )
s2m4t
)
− 1
]
,
Γ
(1)
31 gg→tt¯H = 2Γ
(1)
13 gg→tt¯H , Γ
(1)
23 gg→tt¯H =
CA
2
Γ
(1)
13 gg→tt¯H , Γ
(1)
32 gg→tt¯H =
(N2c − 4)
2Nc
Γ
(1)
13 gg→tt¯H . (10.4)
10.3 qq¯g, QQ¯g, and ggg final states
Soft anomalous dimension matrices at one loop for processes with three colored particles in the final
state have appeared in Refs. [64, 65].
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The soft anomalous dimension for the process qq¯ → qq¯g is a 4×4 matrix, for the process gg → qq¯g
it is an 11 × 11 matrix, and for the process gg → ggg it is a 22 × 22 matrix, with details given in
Ref. [64].
Results for related processes involving heavy quarks were given in Ref. [65]. The soft anomalous
dimension for the process qq¯ → QQ¯g is again a 4 × 4 matrix, and for the process gg → QQ¯g it is
again an 11× 11 matrix, with details given in Ref. [65].
11 Summary and Conclusions
Soft-gluon resummation provides a powerful method to calculate large, and often dominant, higher-
order corrections in perturbative cross sections. Soft anomalous dimensions are essential in perform-
ing resummation beyond leading-logarithm accuracy and, in general, they are matrices in the space
of color exchanges.
One-loop results for soft anomalous dimensions are available for virtually all 2→ 2 processes as
well as many 2→ 3 processes. Two-loop results and even three-loop results are also known for many
2 → 2 processes and some 2 → 3 ones. We have reviewed these results using a consistent approach
and terminology for all of them. We have provided comprehensive and detailed expressions for a
large number of 2 → 2 processes involving single-top and top-pair production, electroweak-boson
and Higgs production, jet production, and other SM and BSM processes.
We have also provided results for soft anomalous dimensions for a number of 2 → 3 processes
involving the production of single top quarks or top-antitop pairs in association with electroweak or
Higgs bosons, and discussed processes with three final-state colored particles.
These results can be used, and have been used, for performing resummation and for calculating
soft-gluon corrections at higher orders for a very large number of processes.
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